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$F$ $(r, \varphi, s)$
$x=X(s)+r\cos\varphi e_{2}+r\sin\varphi e_{3}$ . (1)
$X(s)$
$X(s)=(R_{0} \frac{s}{\sqrt{R_{0}^{2}+L_{0}^{2}}\sqrt{R_{0}^{2}+L_{0}^{2}},+L_{0}^{2}s_{S}}R_{0_{\frac{\cos\sin L}{\sqrt{R_{0}^{2}}}}}\frac{}{0})$ . (2)
$\kappa_{1}$ , $\kappa_{2}$
$\kappa_{1}=\frac{R_{0}}{R_{0}^{2}+L_{0}^{2}}$ , $\kappa_{2}=\frac{L_{0}}{R_{0}^{2}+L_{0}^{2}}$ (3)
$R_{c}=\kappa_{1}^{-1}$ $(r, \varphi, s)$
$\varphi$ $\theta=\varphi+\kappa_{2}s$ $(r, \theta, s)$
$\nabla$ $=$ $\frac{1}{1-\kappa_{1}r\cos\varphi}e_{s}\frac{\partial}{\partial s}+e_{r}\frac{\partial}{\partial r}+\frac{e_{\theta}}{r}\frac{\partial}{\partial\theta}$ (4)
$\frac{\partial}{\partial r}e_{s}\simeq\frac{\partial}{\partial r}e_{r}=\frac{\partial}{\partial r}e_{\theta}=0$ ,
$\frac{\partial}{\partial\theta}e_{s}=0$ , $\frac{\partial}{\partial\theta}e_{r}=e_{\theta}$ , $\frac{\partial}{\partial\theta}e_{\theta}=-e_{r}$,
$\frac{\partial}{\partial s}e_{s}$ $=$ $\kappa_{1}(\cos(\theta-\kappa_{2}s)e_{r}-\sin(\theta-\kappa_{2}s)e_{\theta})$ ,
$\frac{\partial}{\partial s}e_{r}$ $=$ $-\kappa_{1}\cos(\theta-\kappa_{2}s)e_{s}$ , $\frac{\partial}{\partial s}e_{\theta}=\kappa_{1}\sin(\theta-\kappa_{2}s)e_{8}$.
Euler
$\frac{\partial u}{\partial t}+u\cdot\nabla u+2\Omega\cross u=-\nabla p$ (5)
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( $\Omega\cross(\Omega\cross x)$ )
$\nabla\cdot u=0$ (6)
$( \frac{1}{1-\kappa_{1}r\cos\varphi}e_{\epsilon}\frac{\partial}{\partial s}+e_{r}\frac{\partial}{\partial r}+\frac{e_{\theta}}{r}\frac{\partial}{\partial\theta})\cdot(we_{\epsilon}+ue_{r}+ve_{\theta})=0$ (7)
$\frac{\partial u}{\partial r}+\frac{u}{r}+\frac{1}{r}\frac{\partial v}{\partial\theta}+\frac{1}{1-\kappa_{1}r\cos\varphi}(\frac{\partial w}{\partial s}-\kappa_{1}u\cos\varphi+\kappa_{1}vs\varphi)=0$ (8)
Euler
$\frac{\partial\eta 1}{\partial t}+u\frac{\partial u}{\partial r}+\frac{v}{r}\frac{\partial u}{\partial\theta}-\frac{v^{2}}{r}+\frac{w\partial u}{1-\kappa_{1}r\cos\varphi\partial s}+\frac{\kappa_{1}\cos\varphi}{1-\kappa_{1}r\cos\varphi}w^{2}$
$+ \frac{2\Omega_{0}}{\sqrt{R_{0}^{2}+L_{0}^{2}}}(R_{0}w\cos\varphi-L_{0}v)=-\frac{\partial p}{\partial kr}$ , (9)
$\frac{\partial v}{\partial t}+u\frac{\partial v}{\partial r}+\frac{v}{r}\frac{\partial v}{\partial\theta}+\frac{uv}{r}+\frac{w}{1-\kappa_{1}r\cos\varphi}\frac{\partial v}{\partial s}-\frac{\kappa_{1}\sin\varphi}{1-\kappa_{1}r\cos\varphi}w^{2}$
$+ \frac{2\Omega_{0}}{\sqrt{R_{0}^{2}+L_{0}^{2}}}($
$w \sin\varphi+L_{0}u)=-\frac{1}{r}\frac{\partial p}{\partial\theta}$ , (10)
$\frac{\partial w}{\partial t}+u\frac{\partial w}{\theta r}+\frac{v}{r}\frac{\partial w}{\partial\theta}+\frac{w\partial w}{1-\kappa_{1}r\cos\varphi\partial s}+w(-\frac{\kappa_{1}\cos\varphi}{1-\kappa_{1}r\cos\varphi}u$ $\frac{\kappa_{1}\sin\varphi}{1-\kappa_{1}r\cos\varphi}v)$
$+ \frac{2\Omega_{0}R_{0}}{\sqrt{R_{0}^{2}+L_{0}^{2}}}(v\sin\varphi-u\cos\varphi)=-\frac{1}{1-\kappa_{1}r\cos\varphi}\frac{\partial p}{\partial s}$ (11)









$\kappa_{1}^{*}=\sigma_{0}\kappa_{1}=\epsilon=\sigma_{0}/R_{c}$ , $\Omega_{0}^{*}=\Omega_{0}\sigma_{0}/u_{0}=\beta\epsilon^{2}$ . (13)
$\kappa$2/ $\kappa$ 1 $=$ Lo/ $=\alpha$
208
( $*$ )
$\frac{\partial u}{\partial t}+u\frac{\partial u}{\partial r}+\frac{v}{r}\frac{\partial u}{\partial\theta}-\frac{v^{2}}{r}+c.\frac{w}{1-\epsilon,r\cos\varphi}\frac{\partial u}{\partial s}+\epsilon.\frac{\cos\varphi}{1-\epsilon r\cos\varphi}w^{2}$
$+ \epsilon^{2}\frac{2\beta}{\sqrt{1+\alpha^{2}}}(w\cos\varphi-\alpha v)=-\frac{\partial p}{\partial r}$ , (14)
$\frac{\partial v}{\partial t}+u\frac{\partial v}{\partial r}+\frac{v}{r}\frac{\partial v}{\partial\theta}+\frac{uv}{r}+\epsilon\frac{w}{1-cr\cos\varphi}\frac{\partial v}{\partial s}-\epsilon\frac{\sin\varphi}{1-\epsilon rcos\varphi}w^{2}$
$+ \epsilon^{2},\frac{2\beta}{\sqrt{1+\alpha^{2}}}(-w\sin\varphi+\alpha u)=-\frac{1}{r}\frac{\partial p}{\partial\theta}$ , (15)
$\frac{\partial w}{\partial t}+u\frac{\partial w}{\partial r}+\frac{v}{r}\frac{\partial w}{\partial\theta}+\epsilon\frac{w}{1-\epsilon r\cos\varphi}\frac{\partial w}{\partial s}+\epsilon w(-\frac{\cos\varphi}{1-\epsilon r\cos\varphi}u$ $\frac{\sin\varphi}{1-\epsilon r\cos\varphi}v)$
$+ \epsilon^{2}\frac{2\beta}{\sqrt{1+\alpha^{2}}}(v\sin\varphi-u\cos\varphi)=-\frac{\epsilon}{1-\epsilon r\cos\varphi}\frac{\partial p}{\partial s}$, (16)







$u_{0}$ $=$ $\epsilon u_{01}+\epsilon^{2}u_{02}+\cdot\cdot\cdot,$ (18)
$v_{0}$ $=$ $v_{00}+\epsilon v_{01}+\epsilon^{2}v_{02}+\cdots$ , (19)
$w_{0}$ $=$ $\epsilon w_{01}+\epsilon^{2}w_{02}+\cdots$ , (20)





$u_{01}= \frac{5}{8}(1-r^{2})\sin\varphi$ , $v_{01}=( \frac{5}{8}-\frac{7}{8}r^{2})\cos\varphi$ , $w_{01}=0,$ $p_{01}=( \frac{5}{8}r-\frac{3}{8}r^{3})\cos\varphi(23)$
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$O(\epsilon^{2})$
$u_{02}$ $=$ $( \frac{1}{8}r-\frac{1}{8}r^{3})\sin 2\varphi$ , (24)
$v_{02}$ $=$ $( \frac{1}{8}r-\frac{1}{16}r^{3})\cos 2\varphi$ , (25)
$w_{02}$ $=$ $[( \frac{5}{8}\alpha+2\gamma)r-\frac{3}{8}\alpha r^{3}]\cos\varphi$, (26)






$\frac{\partial u^{f}}{\partial r}+\underline{u’}’.+\frac{1}{r}\frac{\partial v^{f}}{\partial\theta}+\frac{\partial w’}{\partial s}$
$=$ $\epsilon[-r\cos\varphi\frac{\partial w’}{\partial s}+u’\cos\varphi-v’\sin\varphi]$





$u’=$ cxp $[i(\omega t+m\theta+ks)]u_{10,m}’$ . (32)
$u_{10,m}’$
$L_{0}(\omega, k, m)u_{10,m}’$ $=$ $0$ , (33)
$L_{0}(\omega, k, n)$ $=$ $-i\omega I_{v}+M(k, n)$ , $I_{v}=$ diag $($ 1, 1, 1, $0)$ , (34)
$M(k, n)$ $=$ $(20$ $\frac{-inin0}{r}2$ $inik00$ $\frac{d}{\frac{d_{n^{\Gamma}}1}{i^{r}k0}})$ . (35)
(33)
$D(k,\omega, m)$ $=$ $(m-\omega)\eta J_{|m|}’(\eta)+2mJ_{|m|}(\eta)=0$ , $\eta^{2}=\frac{4-(m-\omega)^{2}}{(m-\omega)^{2}}k^{2}$ . (36)
Kelvin
$u_{10,m}’(r)$ $= i\eta[(\frac{-m+\omega}{2}-1)J_{m-1}(\eta r)+(\frac{m-\omega}{2}-1)J_{m+1}(\eta r)]$ , (37)
$v_{10,m}’(\prime r)$ $= \eta[(\frac{m-\omega}{2}+1)J_{m-1}(\eta r)+(\frac{m-\omega}{2}-1)J_{m+1}(\eta r)]$ , (38)
$w_{10,m}’(r)$ $=$ $-\underline{k}[4-(m-\omega)^{2}]J_{m}(\eta r)$ , (39)
$m-\omega$
$p_{10,m}’(r)$ $=$ $[4-(m-\omega)^{2}]J_{m}(\eta r)$ (40)
( $J$ Bessel )
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3.4 1 :
Euler $O(c)$ $e^{\pm i\varphi}$
$\varphi$ 1
$e^{\pm i\theta}$ $e^{\pm i\varphi}$
$O(1)$
$u_{0}’$ $=$ $Au_{10,m}’\exp[i(\omega t+m\varphi+ks)]$
$+Bu_{10,m+1}’\exp[i(\omega t+(m+1)\varphi+ks)]$ (41)
$=$ $Au_{10,m}’\exp[i(\omega t+m\theta+(k-\epsilon m\alpha)s)]$
$+Bu_{10,m+1}’\exp[i(\omega t+(m+1)\varphi+(k-\epsilon(m+1)\alpha)s)]$ (42)
$(r, \theta, s)$ $s$ $\epsilon\alpha$
$k,$ $\omega$ $|$
$D(k-\epsilon m\alpha,\omega, m)$ $=$ $D(k-\epsilon(m+1)\alpha,\omega, m+1)=0$ (43)
$O(\epsilon)$ $O(\epsilon^{2})$
$O(1),$ $O(\epsilon)$
$L_{0}(\omega, k-\epsilon m\alpha, m)u_{10,m}’$ $=0$ , (44)
$L_{0}(\omega, k-\epsilon(m+1)\alpha, m+1)u_{10,m+1}’$ $=0$, (45)
$L_{0}(\omega, k-\epsilon m\alpha, m)u_{11,m}’$ $=$ $BN_{1}^{-1}u_{10,m+1}^{f}- \frac{dA}{dt_{1}}I_{v}u_{10,m}’$ , (46)
$L_{0}(\omega, k-\epsilon(m+1)\alpha, m+1)u_{11,m+1}’$ $=$ $AN_{1}^{+1}u_{10,m}’- \frac{dB}{dt_{1}}I_{v}u_{10,m+1}’$ . (47)
$N_{1}^{\pm 1}$ Euler (28)$-(31)$ $O(\epsilon)$ $e^{\pm i\varphi}$
$O(1)$ $A,$ $B$ $O(\epsilon)$
$t_{1}=\epsilon t$ (46) $u_{10,m}’$ , (47) $u_{10,m+1}^{f}$
$\frac{dA}{dt_{1}}=a_{1}B$ , $\frac{dB}{dt_{1}}=b_{1}A$ , (48)
$a_{1}$ $=$ $\frac{\langle u_{10,m}’|,N_{1}^{-1}u_{10,m+1}’\rangle}{\langle u_{10m}|I_{v}u_{10,m}^{f}\rangle}$ , (49)











$+BN_{2}^{-1}u_{10,m+1}^{f}- \frac{dA}{dt_{2}}I_{v}u_{10,m}’$ , (53)
$L_{0}(\omega, k-\epsilon(m+1)\alpha,m+1)u_{12,m+1}’$
$=BN_{1}^{+1}u_{11,m}’- \frac{dA}{dt_{1}}I_{v}u_{11,m+1}’+BN_{1}^{-1}u_{11,m+2}’$
$+AN_{2}^{+1}u_{10,m}’- \frac{dB}{dt_{2}}I_{v}u_{10,m+1}’$ . (54)
$u_{11,m}’$ $u_{11,m+1}’$ $B,$ $A$
$N_{2}^{\pm 1}$ Eulcr (28)$-(31)$ $O(\epsilon^{2})$ $e^{\pm i\varphi}$
( $e^{\pm 2i\varphi}$ ) 1
$A,$ $B$ $t_{2}=\epsilon^{2}t$ $u_{10,m}’,$ $u_{10,m+1}’$
$\frac{dA}{dt}=(\epsilon a_{1}+\epsilon^{2}a_{2})B+i\epsilon^{2}c_{2}A$ , $dBdt$ (55)-=(\epsilon b_{1}+\epsilon^{2}b_{2})A+i\epsilon^{2}d_{2}B$
$a_{2}$ $=$ $\frac{\langle u_{10,m}’|,N_{2}^{-1}u_{10,m+1}^{f}\rangle}{\langle u_{10m}|I_{v}u_{10,m}^{f}\rangle}$
$ic_{2}$ $=$ $\frac{\langle u_{10,m}’|N_{1}^{-1}u_{11,m+1}’\rangle+\langle u_{10,m}^{f}|N_{1}^{+1}u_{11,m-1}’\rangle-a_{1}\langle u_{10,m}’|I_{v}u_{11,m}^{f}\rangle}{\langle u_{10,m}|I_{v}u_{10,m}\rangle}$
$b_{2}$ $=$ $\frac{\langle u_{10,m+1}’|N_{2}^{+1}u_{10,m}^{f}\rangle}{\langle u_{10,m+1}’|I_{v}u_{10,m+1})}$
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Figure 2: Torsion effects on growth rates.
Fig. 2 $O(\epsilon^{2})$ $\alpha=1,$ $\gamma=0$ (
)
2 $r$ (principal mode) $m$ $0$
50 $\frac{3\sqrt{15}}{128}[6]$ $’\overline{\tau\text{ }}$
$m\sim karrow\infty$
$7 \int 1$ $=$ $m- \frac{a_{1}}{2^{1/3}}m^{1/3}+\frac{1}{4}+O(m^{-1/3})$ (57)
$l|2$ $=$ $m+1- \frac{a_{1}}{2^{1/3}}m^{1/3}-\frac{1}{4}+O(m^{-1/3})$ (58)
$k \sim\frac{m}{\sqrt{15}}$ (59)
$J_{m}(\eta_{1})$ $\sim$ $\frac{2^{2/3}}{m^{2/3}}\frac{Ai’(a_{1})}{4}=-2^{-4/3}m^{-2/3}Ai’(a_{1})$ (60)
$J_{m}^{f}(\eta_{1})$ $\sim$ $-2^{-2/3}m^{-2/3}Ai’(a_{1})$ (61)
$J_{m}’’(rl1)$ $\sim$ $-2^{-2/3}m^{-4/3}a_{1}Ai’(a_{1})$ (62)
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$u_{m}$ $\sim$ $- \cdot\frac{2m}{r}J_{m}(\eta r)$
$v_{m}$ $\sim$
$\frac{m(m-\omega)}{r}J_{m}(\eta r)$
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